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These assumptions are embodied in the simple statement
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% =-2>(¥-a-bX)=-2>e=0 (1.26)

e _
and S = 2> X(Y—a-bX) = -2 Xe =0 (.2m
Simplifying gives the normal equations for the linear regression of ¥ on X. That is,

S Y=na+b> X (1.28)
DXV =a> X+b> X

The reason for the adjective normal will become clear when we discuss the geometry
of least squares later.
The first normal equation may be rewritten as

a=Y-bX (1.29)
Substituting for a in the second normal equation gives
> xy sy
b= oY .
S rsl (1.30)
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b= Zwu‘ﬁ

where the weights w; are given by

W = (1.35)

M‘_ﬁ,
B8

These weights are fixed in repeated sampling and have the following properties:
|
>wi=0  >wi= 52 and > wixi = > wiX; =1 (136)
It then follows that '

b=>"w; (1.37)

so that the LS slope is a linear combination of the ¥ values.

The sampling distribution of b is derived from Eq. (1.37) by substituting ¥; =
a + BX; + u; and using the stochastic properties of u to determine the stochastic
properties of b. Thus,

b=ua (}: w;] +B (Z w,-X,) + z Will;
= + Willj (1.38)
and so Eb) =B (1.39)

that is, the LS slope is an unbiased estimator of 3. From Eq. (1.38) the variance of
B is seen to be

var(h) = El(b ~ B)] = E{E w.-u.-)z]

From the properties of the w's it may be shown'® that

2
var(h) = i‘lx—g (1.40)
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b= o> w)+ B3 wiXi)+ > ww

=B+ wu (1.38)
and so Eb) =8 (1.39)
that is, the LS slope is an unbiased estimator of 3. From Eq. (1.38) the variance of

B is seen to be
2
var(b) = E{(b~ BY] = E [(Z Wit ]
From the properties of the w’s it may be shown'® that

var(b) = (1.40)
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The most commonly
used lest ofsiEniﬁca.noe 1s that of Hy: B = 0. The test statistic 15
b b

= =— 1.52
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where the weights w; are given by

i (1.33)

i
wi = 5
X

el

[

These weights are fixed in repeated sampling and have the following properties:

1
Swi=0  >wi= s and D wix = > owXi=1 (136
It then follows that .
b= w¥ (137
so that the LS slope is a linear combination of the ¥ values.

The sampling distribution of b is derived from Eq. (1.37) by substituting ¥; =
a + BX; + u; and using the stochastic properties of i to determine the stochastic
properties of b. Thus,

b= aizw,:+ﬁ(2w,x,]+2w;:;,-

=B+ > wuy (1.38)
and so Eib) = B (1.39)
that is, the LS slope is an unbiased estimator of 8. From Eq. (1.38) the variance of

B is seen to be
. 2
var(b) = E[(b = Byl = E[(i witi }
From the properties of the w's it may be shown'® that

2
var(h) = Zﬂ 5

(1.40)
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E(Y|X) = a+ X (1.19)
For the ith household this expectation gives

EY|X)=a+ BX;

The actual vacation expenditure of the ith houschold is denoted by ¥;, so we define
a discrepancy or disturbance w; as

w =Y —-EY|X)=Y —a-pBX (1.20)
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y=XB+u (4.1)

wareiid(0.0®)  i=1...,n (4.2a)

or u; are iid N(0, o) i=1....n (4.2b)
E(X;u;) = Oforalli = ),... . kandt,s = 1,...,n (4.3)

X is nonstochastic with full column rank & (4.4)

il S pae g5 oSS 2,8 A ey 5 5,90 sl Ll

3590 50 dlice (plaile o Bgazme iz w2 OLS 5L sl Jow sl sl eolatl gl 5950
Ry oS Lax ) )55l plizmen (g 05l ol 4 jomie &5 SN (25,8 A
03latuwl OLS 5l ail  Siwed (9,8 (aii 5145 04 o ewolamdl adsl (s ae .l
e gl g Cenl ()5l AR I L86 (Scon aely a8l Glo b (zessladl ogis
sl i olaidl 0,5 o2l 31, OLS b Jow fueds ol s il (luSs OLS g ML



YO EE:E (= OLadl B ymoipgd Juad

53 (599 OLS 3l ooliciusl 5o7ee ol asls 9529 Sanats oS3 gl 0y 1,852 (6,53 o5
& U5 ol 4y 2o (29,8 (a8 ol Ll ools |y (ygems 55 oo S5 23Lol 4,
S 3l (Stnrod Sy 45 958 0 OLS sloo e jlnl 5l oalitasl 9o a9 (o900 5
(ko (TSP e Bi> g (b yiie 6 pSoilil slhS ;o o)LLl waly il
Dgad g0 0390
392 pac 3l AT (g pnlds ulul 5 mewolaidl 0 OLS oll> ciS lei oo ol plo
Sl SIS (29,8 (S sl o oS olSST 355 o (ateiten 00 iy o3 (29,8 LA
0 | s 510 ol e 0 canl 1,85 OLS sl Jow I3l 5l eolaiwl jeme il
el @3Y g5 5 &5 UK ol (6 25 OLS 5l L8 wily (6 155l (298

S (29,8 Jjalls slavly

08"y Seledians Wg5 b g 03925 Hlions U yuiiie (il g (589 SeedlS' (29,3 (A8

OO (olal pae (B8 (Shands> g Glueal (il ly by Gl yo (ewslad]
olly fely o2 )5l w45 eyl 1T bl g 48,5 A5 0 1) (medgi e
955150 Ole 4 (P (e s> 5 Slanos

Crandgs P EBlaz g Bolas ;02 X oy ilo b alayly 10 OLS g Jlael azes”
S5l 05505 cim del s a4 Slawal il )y cll> (gl a5 cl glass aslen
"OYYY o ST e ol (g9 pue) S e Lol ol

K iy, ) (6l VYT alslas g o ki 95 (ygmm S (6l V. TA alslao ulud s o5 s

og awly> 8 o lbogd 5,8 ol pe X olad psie ST e

ol 00 0030 Standgs e a5 ol Lo (4T 5 058 (ylo o, Steamg5 anly a5l )



bl 65 oo ol 5 4850, 3 g s ool £ 25 1 Y9

b=a> wi)+ B (> wiXi)+ > wi (1.38)

the normal equations
b=(XX)'Xy
Substituting for y gives
b=XX)'XXB+u)=B+XX)'Xu
from which b-B =X "X'u (3.23)

In taking expectations the expectation operator may be moved to the right past non-
stochastic terms such as X, but must be applied to any stochastic variable. Thus,

Eb—B)= (XX XE@m) =0
giving Eb) =B (3.24)
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7.4.2 Estimation

Software packages typically offer least-squares, whether linear or nonlinear, or max-
imum likelithood, whether conditional or full, esumation procedures for ARMA mod-
els. We will comment only on a few specific cases. Returning to the AR(]) specifi-
cation in Eq. (7.16), that is,

Yr=m+av.; +&

where € is white noise, OLS is an ub\-iuus estimator.
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OLS AND AUTOCORRELATED DISTURBANCES

The consequences of applying OLS to a relationship with nonstochastic X' and
autocorrelated disturbances are the same as those derived in Section 6.1 for the
heteroscedasticity case, namely unbiased consistent, but inefficient estimation and
invalid inference procedures. If, however, any lags of the dependent variable appear

in X the results are radically different, as may be illustraled by a simple cnmpl:.
Suppose the postulated relationship is

Ye = Byt u 18] <1
w = U +E le| <1
where E(e)=0 | and E(ee") = oI
Estimating 8 by OLS gives

(Q.38)

o MYl _ B+ 2 Yt
2y 2y
.1
(15500
Thus, plimb = 8 + —

.
plim (E Z J’r—l)
The consistency of b then depends on plim(> v, u,/n). From Eq. (6.38)
Yoot = diot + Btz + By 4o

The process of multiplying both sides by 1,, assuming that the autocovariances are
consistently estimated by the sample moments, and using Eq. (6.33) gives

, l 2 2 232 - ‘sz
Pllm(”Zyr-uu.) ¢ol + Bolar + Brpal +- T-fs

Thus, the combination of a lagged dependent variable and an autocorrelated dis-
turbance renders OLS inconsistent. OLS should not be used in such a case, and
alternative estimators will be examined in Section 6.7.

123l g
AR Sloj (6w osSl on 1o riwolaidl Glras uis JB gl o) oo i a
e 5 18 JS 3ol S oy ke e sl el 4 55LARMA 5
Zomdladl a5 pndd el 00 7 hae bguns gloj (6w puiie oble L el ools 1 3
ot (Zuwdlaidl o sliwl ay e Sl QAT g )3 ) (el 005 g SLLL
QS o ol 1y prite sloaidy Lol po aials S5 iy ya5 ] el oisosladl ol
DS o0 )3 sl 5 jpies )3 Byb 9o 5l L] 18 g Ll la oo (bl
R e sladidy culps b s Sl Jgr oVolae pull p (Siacendgs



S ) (Sordgr sl logas il oals Lastie bl e s oliwl cooale
Sy 500 g,y omiwslazdl olo 3 ey 6w slaJoe sliw] Laskis slagyge;]
Sin Sl ojlel STaS cnlools 13 Jod o g0yl ) (olms] e b oliwnl od

258 9l (bl Wil Jsu Jlsd (Sos

Three series have been generated as follows:
A: Ay =005+ 0954, + u, Autoregressive {smionﬂlsﬂiﬂ
R: R=005+R,_ | +u Random walk with drift
E: E; = 0.05 + 1.05E,_y + u, Explosive series
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FIGURE 7.1
Correlograms for stationary AR(1) series.
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7.2.1 AR(1) Process

We will first derive the properties of the AR(1) procus The main results were ob-
tained in Section 2.5; but we will rederive them here using a different method, which
will have fruitful applications later. The specification is

Yo = mtay.- + € (7.16)

208 ECONOMETRIC METHODS

where € is a white noise process. Using the lag operator we rewrite this equation as
(1=al)y, = m+ g
which gives v = (1 +al+al®+ - )m+e)

Since a constant, like m, has the same value at all periods, apphication of the lag
operator any number of times simply reproduces the constant. Thus we can write

voo= (1 +a+a o )m+ (e +ae,) +aley+00)
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Provided |a| < 1 this gives

E(v) = o = & .17

=i
v has a constani unconditional mean, independent of time. As shown in Sec-
tion 2.5, the same condition on e gives y a constant unconditional variance, namely,

o}
oy = Be = w)’ = 77 (1.18)
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as +a; <1
@ —ay <1 ) (7.27)
|¢r;| <]

These are the stationarity conditions for the AR(2) process.
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aulocorrelation coefficients, namely,

mo=ay toagp (7.28)
pr =g +ag

These are the Yule-Walker cquations for the AR(2) process. Solving for the first
two autocorrelation coefficients gives

2
pro= ! P b (7.29)
|—£I‘z l-u:
The acf for the AR(2) process is
Pi = oy pg-y toaap-a k=34 .. (7.30)

This is a second-order difference equation with the first two values given in Eq,
(7.29), Moreover, the coetticients of the difference equation are those of the AR(2)
process. Thus the stationarity conditions ensure that the acf dies out as the lag in-
creases. The acf will be a damped exponential or, if the roots of Eq. (7.30) are com-
plex, a damped sine wave,
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FIGURE 7.2
Comrelograms of stationary AR(2) series.
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The autocorrelation function of the ARMAC(1.1) process is thus

_ la- Byl —af)
1= T 28+ 82 (7.44)

Pi = ape—g k=273,...

The first coefficient depends on the parameters of both the AR part and the MA
part. Subsequent coefficients decline exponentially, with the rate of decline given
by the AR parameter. However, by contrast with a pure AR process, the partial au-
tocorrelation coefficients will not cut off but will damp out. This result may be seen
intuitively from Eq. (7.39), which shows that all ARMA processes are equivalent to
AR processes of infimite order.
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6.4.1 Forms of Autocorrelation: Autoregressive
and Moving Average Schemes

By far the most common specification in the literature is that of a first-order, autore-
gressive AR(1) process, or

up = iy + g (6.29)

A first-order. moving average MA(1) process is defined as
u = €, + e, (p.36)

6.4.2 Reasons for Autocorrelated Disturbances

In the specification y = XB + i, one hopes to include all relevant variables in the
X matrix. In such a case the disturbances would be expected to be serially uncor-
related. Significantly autocorrelated disturbances would thus be an indication of an
inadequate specification. Suppose, for example, that the relationship really is

yo = Bi+ Baxi + Baye-y + e
and u, is white noise. The researcher specifies

yo= B+ Bax + v

The pseudodisturbance is then v, = Biy-y + u;, Which is autocorrelated because
the “comect” specification makes v autocorrelated. To avoid such a situation it is
better to err on the side of generosity rather than parsimony in the specification of
the original relation. However, we can never know for sure all the variables that may
play a role in determining v. so some variables are necessarily excluded. If these
variables are autocorrelated, as most economic time series are, then the disturbance
in the specified relation is likely 1o be autocorrelated. It is therefore important to test
for autocorrelation and seek feasible estimation procedures, but first we will look at
what is likely to be the resuli of using OLS.
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6.4.2 Reasons for Autocorrelated Disturbances

In the specificution y = XB + u, one hopes to include all relevant variables in the
X matrix. In such a case the disturbances would be expected to be serially uncor-
related. Significantly autocorrelated disturbances would thus be an indication of an
inadequate specification. Suppose, for example, relationship really 1s

Vi = B+ Baxe + Baye-r +
and u, is white noise. The rescarcher specifies
Vi = B+ Baki + v

6.5
OLS AND AUTOCORRELATED DISTURBANCES

The consequences of applying OLS to a relationship with nonstochastic X' and

autocorrelated disturbances are the same as those derived in Section 6.1 for the
heteroscedasticity case, namely unbiased consistent, but inefficient estimation and
invalid inference procedures.
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Yi=a+BY o +u (2.19)
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The autoregressive Eq. (2.19) may be estimated by the LS formulae in Eq. (2.20).
If we denote ﬂlE estimated con_:fﬁc:ienls by @ and b, the results of Mann and Wald
establish that | ma-a)and /nib— B)have a bivariate normal limiting distribution

with zero means and finite variances and covariance.” Thus the least-squares esti-
mates are consistent for @ and 8.
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INSTRUMENTAL VARIABLE (IV) ESTIMATORS .

Under the classical assumptions OLS estimators are best linear unbiased. One of the

major underpinning assumptions is the independence of regressors from the distur-

bance term. If this condition does not hold, OLS estimaiors are bigsed and inconsis-

tent. This statement may be illustrated by a simple errors in variables example.
Consider the relation

y=Bx+u (5.30)

where, for simplicity, the constant term has been dropped. So far we have implic-
itly assumed thal variables are measured without error. Suppose, however, that the
observed value x can be represented as the sum of the true valve F and a random

measurement error v, that is,
x=x+v
In this case the appropriate relation may be
yo= BEitu (5.31)

The OLS slope is
bom 22X
X

2 X(BEA )
- XN

>
Sk S
=BTt (5.32)

Itis assumed that w. &, and v are mutually independent, and that appropriate second-
order moments and their probability limits exist. It then follows that

P'im(:; Zx:) = ot +o!
pllm(£ z xi) = o}
plim (%qu) =0

Substitution in (5.32) gives

limb = B ai (5.33)
P a ot + ol ’
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This chapter is solely concerned with time series modeling. In the univariate case
a series is modeled only in terms of its own past values and some disturbance. The
general expression is

Xp = FUX g Xpmae e ees i) 70

To make Eq. (7.1) operational one must specify three things: the functional form
S0, the number of lugs, and a structure for the disturbance term. If, for example,
one specified a linear function with one lag and a white noise disturbance, the re-
sult would be the first-order, autoregressive AR(1). process, where for simplicity the
intercept is suppressed,

X o= X+l (7.2)

This process has already been introduced in Sections 2.5 and 6.6. The general pth-
order, AR(p) process is
X=Xy FapXa o HapXp (7.3)

When the disturbance is white noise Eq. (7.3) is a pure AR(p) process. This process
Sip be enriched by assuming some more complicated structure for the disturbance
term. When u 15 not assumed to be white noise, the usual alternative specification is
a moving average, MA(g), process,

=€~ Bre; | o~ Pyig (7.4)

where € is a white noise process. Equation (7.4) specifies a pure MAl(g) process.
Combining Egs. (7.3) and (7.4) gives a mixed auloregressive, moving average,
ARMA(p, ) process,

CX =gk ot app t Big- — ﬁqil—q (7.5)
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The specified equation is
y=XB+u with E{u) = 0 and E(uu'y = o}
For nonstochastic X the following results hold.
"

1. OLS estimator is unbiased and consistent.
From Eq. (3.23)

b=pB+XX)"'Xu
It follows directly that E(b) = B, so the unbiased property holds.
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54
ML ESTIMATION OF THE LINEAR MODEL
WITH NONSPHERICAL DISTURBANCES

The postulated model is now

y=XB+u with u~ N0 o) (5.19)

where £} is a positive definite matrix of order n. This model is referred to as the
case of nonspherical disturbances, compared with var(u) = oI, which is the case
of spherical disturbances. For the present the elements of £2 will be assumed to be
known. For example, if the disturbance variance at each sample point is proportional
to the square of one of the regressors, say, X». we have

var(u;) = o} = o°X3. i=12....n

where o is a scaling factor. The variance-covariance matrix of the disturbance is

then
X3 0 - 0

var(u) = o u xg’ ) = o'diag{X}, X3 - Xi}
0 0 - x

_ From Eq. (5.19), the multivariate normal density for u is
flu) = 2m) 2| Q" exp[ — u' (o) 'u
Noting that |02 2| = ¢2"|§2|, we may rewrite the density as
f), = 2m) (%) |0 expl(- 120 'R " 'u)
The log-likelihood is then

1= —gln[Zﬂl - glno-2 - Zl,lniﬂl - #ofxm'n"u—xm (5.20)

Differentiating with respect to B and o gives

L I R
a—alt.lﬂ y-X'Q xp)
al L [P P
and 32 = 37 T 3A0 T ABIR N0 - XB)

Seiting the partial derivatives to zero gives the ML estimators

152 ECONOMETRIC METHODS

B=x0'x)'xQly (5.21)

and & = %(y - XBya-'y - XB) 5.22)

These estimators are, of course, only operational if the £ matrix is known.
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